
Developing Greater 

Depth in Maths



Advanced learners have these attributes:

● Able to visualise
● Link to the real-world
● Give and oral explanation
● Give a written explanation (including drawings)
● Can challenge themselves





‘In the past differentiation was often achieved by a 

teacher preparing different activities or worksheets for 

different groups of pupils. Now there are other ways, 

consistent with the new curriculum and a mastery 

approach, of catering for different attainment levels within 

a classroom.’

Jane Jones, Ofsted’s National Lead for Maths



What does the national curriculum 

tell us about differentiation?

The expectation is that the majority of pupils will move through the 

programmes of study at broadly the same pace. However, decisions about 

when to progress should always be based on the security of pupils’ 

understanding and their readiness to progress to the next stage. Pupils who 

grasp concepts rapidly should be challenged through being offered rich and 

sophisticated problems before any acceleration through new content. Those 

who are not sufficiently fluent with earlier material should consolidate their 

understanding, including through additional practise, before moving on.



How do I make the learning accessible for all?

What support / scaffolds can be given to make learning 

inevitable and unavoidable?

-review / revisit         

- intervention

How do I challenge pupils to think more deeply?

Show me another way, explain it, prove it, convince me, 动
脑筋, deeper thinking challenge. Make sure all children are 

exposed to this as often as possible

Ensuring Inclusion - Low Threshold High Ceiling!



Draws attention to detail –
‘higher attainers’ know how 
they got there and what it 
means. Stops artificial early 
success.

Struggling learners are 
given the steps that they 
need to achieve.

This model attends to all



Greater depth...

These 3 areas must be developed in order to achieve Greater Depth…

Fluency skills

Reasoning skills

Problem solving skills



Fluency Problem Solving Reasoning

Novice Evidence of limited 
knowledge and/or 
incorrect understanding of 
the necessary 
mathematical concepts or 
procedures

No evidence of a productive method or strategy; the 
approach chosen will not lead to a solution

Little or no evidence of engagement with the task

Reasons are put forward with no mathematical 
basis.

No correct justification for answers is present.

Apprentice A correct, or partially 
correct, solution is 
reached, but naïve or 
inefficient methods are 
used.

A partially correct strategy is chosen, or a correct 
strategy chosen that solves part of the task.

Some previous knowledge is drawn on, demonstrating 
some appropriate engagement with the task.

There is evidence of some correct reasoning, 
explaining or justifying, with trial and error, or 
unsystematic trying of several cases.

Mastery A correct solution is 
reached using appropriate 
prior knowledge and 
procedures.

Correct strategies or methods are chosen based on the 
mathematics of the task.  

Evidence of planning or monitoring approaches.

Evidence of application of previous problem solving 
strategies.

Reasons for explanations have a sound basis in 
mathematics.

A systematic approach and/or justification of 
correct reasoning is present.

There is some evidence of making connections.

Mastery with 
depth

A correct solution is 
reached using effective 
and efficient prior 
knowledge and 
procedures.

The problem solving method is efficient and effective.  
There is evidence of self-monitoring of progress and 
evaluating the solution.  Adjustments to the method, if 
necessary, are made, and/or alternative approaches are 
considered.  

Reasons are clearly communicated and well 
grounded in mathematics.  Arguments are 
provided that justify and support decisions 
made and conclusions reached.

There is evidence of connecting several aspects 
of mathematics.



DuFour’s 4 Critical Questions - planning

1) What do I want the children to learn? (Expectation)

2) How will we know they are learning? (Assessment)

3) What if they are not learning (Intervention)

4) What if they already know it? (Challenge)



Cognitive Domain
Depth of Understanding



Fluency

● To recall and apply knowledge and procedures 
rapidly, accurately and efficiently

● To develop and demonstrate conceptual 
understanding 

● To move fluently between different 
representations of mathematical ideas

● To make rich connections across mathematical 
ideas



Fluency demands more of students than does memorization of a single 
procedure. Fluency rests on a well-built mathematical foundation with 

three parts:

(1)an understanding of the meaning of the operations and their 
relationships to each other -- for example, the inverse relationship 

between multiplication and division; 

(2) the knowledge of a large repertoire of number relationships, 
including the addition and multiplication "facts" as well as other 

relaionships, such as how 4 × 5 is related to 4 × 50; and 

(3) a thorough understanding of the base ten number system, how 
numbers are structured in this system, and how the place value 

system of numbers behaves in different operations -- for example, 
that 24 + 10 = 34 or 24 × 10 = 240. 

(Russell 2000)



Fluency v Arithmetic

What is the same?

What is different?

Opportunities to 

reason and explain.



Problem Solving

● To break down a variety of rich and  sophisticated 
non-routine problems into a series of simpler steps

● To persevere and display resilience in seeking 
solutions to problems

● To self-monitor progress and evaluate solutions 
when solving problems; to make adjustments to a 
method if necessary and/or to consider alternative 
approaches 



1. Act it out

2. Draw a diagram / model

3. Use guess-and-check

4. Make a systematic list

5. Look for patterns

6. Work backwards

7. Use before-after concept

8. Make suppositions

9. Restate the problem in another way

10.Simplify the problem

11.Solve part of the problem

12.Think of a related problem

13.Use equations https://sg.theasianparent.com/heuri

stics/

Problem Solving Heuristics

https://sg.theasianparent.com/heuristics/


Teaching problem solving … do:

• set problems as part of learning in all topics for all pupils

• vary the ways in which problems are posed 

• try to resist prompting pupils too soon and focusing on getting ‘the answer’ –
pupils need to build their confidence, skills and resilience in solving problems, 
so that they can apply them naturally in other situations

• discuss alternative approaches with pupils to help develop their reasoning. If 
relevant, consider why one approach/solution might be more elegant than 
another

• ensure that problems for high attainers/‘rapid graspers’ involve more 
demanding reasoning and problem-solving skills, not just harder numbers

• make sure that, where real-life contexts are used, they are meaningful.



Reasoning

● To conjecture relationships and generalisations
● To follow a line of enquiry, including children 

developing their own lines of enquiry.  Ask ‘What 
if….?’

● To develop an argument, justification or proof 
using mathematical language

● To make rich connections across mathematical 
ideas



● Describing

● Explaining

● Convincing

● Justifying

● Proving
https://nrich.maths.org/11336

https://nrich.maths.org/11018

Stages within 

reasoning

https://nrich.maths.org/11336
https://nrich.maths.org/11018


1. Describing: simply tells what they did.

1. Explaining: offers some reasons for what they did. These may or may not 
be correct.  The argument may yet not hang together coherently. This is the 
beginning of inductive reasoning.

1. Convincing: confident that their chain of reasoning is right and may use 
words such as, ‘I reckon’ or ‘without doubt’. The underlying mathematical 
argument may or may not be accurate yet is likely to have more coherence 
and completeness than the explaining stage. This is called inductive 
reasoning.

1. Justifying: a correct logical argument that has a complete chain of 
reasoning to it and uses words such as ‘because’, ‘therefore’, ‘and so’, 
‘that leads to’ ...

1. Proving: a watertight argument that is mathematically sound, often based 
on generalisations and underlying structure. This is also called deductive 
reasoning.



Questioning that prompt children to 
question themselves!

Are you sure?

How do you know?

How sure are you?

Would you bet your life on it?



Cultivating a Conjecturing Atmosphere

https://www.ncetm.org.uk/mathemapedia/Conjecturing+Atmosphere

If all interactions in the classroom are based on the principle 

that everything anyone says is an idea that may be adjusted or 

changed, then learners can participate in an atmosphere of 

growth, adjustment and modification, and ideas can be 

strengthened and deepened to improve understanding

https://www.ncetm.org.uk/mathemapedia/Conjecturing+Atmosphere


Variation

Variation offers a systematic way to 
look at mathematical exercises in 
terms of what is available for the 
learner to notice.

(Marton, Runesson & Tsui, 2003)



Representations Reasoning Stem Sentences

Intelligent 

Practice

Coherence &

Variation
Fluency

Inclusion Generalising 动脑筋

Mastery lesson Features 



Conceptual Variation – representing the same concepts in different 

ways to draw out essential features and form a fluent and deep 

understanding of the concept.

Procedural Variation – calculations are connected and pupils use the 

relationships to find easy ways of calculating

Variation – Conceptual v procedural



Intelligent Practice

Variation Theory

What’s the same?  
What’s different?



Stem Sentences





http://www.atm.org.uk/write/Me
diaUploads/Shop%20Images/Look
%20Inside/228_DIS003.pdf

Question Stems from Primary 
Questions and Prompts by John 
Mason and Anne Watson

http://www.atm.org.uk/write/MediaUploads/Shop Images/Look Inside/228_DIS003.pdf


Activity ideas

● Always, Sometimes, Never 

Questions

● True or false?

● What’s the same?  What’s different?

● Spot the mistake

● Which is the odd one out and why?



Reaching Deeper activities





Lesson design
Lessons are crafted with care and are often perfected over time 

with input from other teachers, drawing on evidence from 

observations of pupils in class. Lesson designs set out in detail 

well-tested methods to teach a given mathematical topic. They 

include a variety of representations needed to introduce and 

explore a concept effectively and also set out related teacher 

explanations and questions to pupils. 

NCETM PD materials



Representations Reasoning Stem Sentences

Intelligent 

Practice

Coherence &

Variation
Fluency

Inclusion Generalising 动脑筋

Mastery lesson Features 



Small Steps – Coherence and doing things in 
an order for a reason
Use of representations 

Dong Nao Jin (Going deeper) 
Stem sentences 

Generalised statements 
Whole class teaching  - meeting needs

Intelligent Practice 
Variation
Fluency  

How the Materials support planning 

for Mastery



Progression from concrete manipulatives to 
visual representations to abstract problems

● According to learning theory based on psychologist Jean Piaget's research, children 

are active learners who master concepts by progressing through three levels of 

knowledge--concrete, pictorial, and abstract. 

● When students demonstrate understanding with the concept at this physical, or 

concrete, level then they are ready to move to the next level, where they can apply 

their knowledge using representations of the objects in place of the objects 

themselves.

● Abstract problems can be understood at greater depth which allows for reasoning 



Visible Learning and Solo Taxonomy

● Https://visible-learning.org/
VISIBLE LEARNING

What works best for learning

Visible Learning means an enhanced 

role for teachers as they become 

evaluators of their own teaching. 

According to John Hattie Visible 

Learning and Teaching occurs when 

teachers see learning through the eyes 

of students and help them become their 

own teachers.

https://visible-learning.org/


MindUP and Mathematical Mindsets

● https://visible-learning.org/

● https://www.youcubed.org/

Mathematical mindsets:

•Explains how the brain processes mathematics learning

•Reveals how to turn mistakes and struggles into valuable learning experiences

•Provides examples of rich mathematical activities to replace rote learning

•Explains ways to give students a positive math mindset

•Gives examples of how assessment and grading policies need to change to support real understanding

https://visible-learning.org/
https://www.youcubed.org/


Zone of Proximal Development


